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Abstract
In this paper we study the Fisher Information Metric on the space of the coupling
constants on both sides of the duality between non-relativistic dipole field theories and
string theory in Schrödinger spacetime. We consider the following setup. In the gauge
theory side, one can deform a given conformal field theory by a proper scalar operator and
compute the Quantum Information Metric via the two-point correlation function between
two such operators. On the string side, the deformation corresponds to a scalar field
probing the background. In the large N limit of the theory the probing can be done
without backreaction on the original spacetime, thus one can construct a perturbative
scheme for the calculation of the dual Holographic Fisher Information Metric as shown
by [1]. In particular, we prove that the Holographic Information Metric reduces to its dual
quantum counterpart on the boundary of the Schrödinger background, thus showing exact
match between the two quantities on both sides of the correspondence.
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1 Introduction
The advancement of string theory and the discovery of the AdS/CFT correspondence [2] have
brought us a great deal of understanding about the nature of different high-energy physics mod-
els and their intricate interrelations. One particularly useful property of this correspondence
is that it can relate perturbatively computable characteristics of a higher dimensional string
theory to the degrees of freedom of lower dimensional strongly correlated quantum field theory.
The other way around is also possible when the quantum system is weakly coupled and its dual
gravitational counterpart is at strong coupling. In this context, the string/gauge duality opens
a window to study non-perturbative phenomena with well-known analytical techniques.
Recent attempts to generalize the AdS/CFT correspondence to strongly coupled non-relati-
vistic field theories [3,4] have lead to the construction of various classes of background solutions.
Particularly interesting examples include the non-relativistic Schrödinger spacetimes, where the
isometry group of the solutions on the string side is the Schrödinger group. It consists of time
and space translations, space rotations, Galilean boosts and dilatations. The quantum duals
to such models fall in the class of the so called dipole gauge theories, which are characterized
with non-locality (see for instance [5–7]).
An important understanding of non-relativistic holography has been revealed in [8], where
strong arguments for integrability and quantitative matching between string and gauge theory
predictions have been presented. These studies have lead to a number of interesting applica-
tions of non-relativistic holography in condensed matter physics and string theory such as the
description of ordinary N = 1 SQCD-like gauge theories considered in the context of D-brane
constructions [9–15], Sachdev-Ye-Kitaev (SYK) model [16], Fermi unitary gas [17], and models
with trapped supercooled atoms [3, 18], which in most cases are strongly correlated. For these
reasons, and the fact that currently very little is known for dipole theories, we are motivated
to investigate the properties of such holographic models on both sides of the correspondence.
Further studies of non-relativistic holography in Shrödinger spacetime can be found in [19–26].
Recently an interesting subject in holography gained popularity after the conjecture of
Ryu-Takayanagi [27,28] suggesting a holographic relation between quantum entanglement and
codimension two extremal surfaces in the dual bulk gravitational theory. Consequent studies
of complexity and related concepts [29,30] brought further interest to the information-theoretic
analysis of holographic systems. One of the key concept in these investigations turns out
to be the Quantum Fisher Information Metric QFIM (or QIM), which plays an important
role not only in quantum information theory, but also in high-energy physics. As advocated
in [29, 30] and subsequent works, the CFT QFIM is dual to a volume of a codimension one
time slice in AdS space, which on the other hand gives a measure of complexity of the system
under consideration. Further fruitful applications of QFIM and its holographic dual metric
include phenomena and models such as quantum information scrambling [31–33], quantum
metrology [34], canonical energy-momentum tensor [35], quantum phase transitions [36, 37],
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renormalized entanglement entropy [36, 38], bulk reconstruction [39, 40], instantons [41] and
many others1. On the other hand, whenever it is possible to extrapolate QFIM to certain
thermodynamic limits, one can use it to describe the distance between classically measurable
statistical macrostates with various applications in condensed matter physics [44] and black hole
physics (see for example [45–49]). This further motivates us to extend the information-theoretic
analysis of the AdS/CFT correspondence to the non-relativistic holography in Schrödinger
spacetimes.
In general, the concept of Information Metric is based on the purely geometric idea that
one can construct a well defined Riemannian distance (metric) [50, 51] between various micro-
or macrostates of the system. Due to the fact that geometry studies mutual relations between
elements, such as distance and curvature, one can naturally uncover essential features and gain
valuable insights of the system under consideration. This is strongly evident in holography,
where classical space-time geometry has the capacity to encode important properties of the
dual quantum system.
In this paper, within the context of non-relativistic holography in Schrödinger spacetime,
we show that the Fisher Information Metric (FIM) on the space of coupling constants of the
model can be explicitly calculated on both sides of the correspondence. This will allow us to
make a quantitative and qualitative checks of the duality. Our investigation is based on similar
studies, conducted in [1,52], where a perturbative scheme for computing the Holographic Fisher
Information Metric (HFIM) in the string side has been presented for AdS space. We also show
that in certain limits HFIM in Schrödinger background fully reproduces the QFIM on the lower
dimensional boundary of the spacetime, thus confirming the duality in this case.
The structure of this paper is the following. In Section 2 we present the computational setup
for the QFIM and its dual bulk counterpart HFIM. In Section 3 we compute QFIM on the dipole
gauge theory side via the 2-point correlation function between primary operators deforming the
original conformal field theory. In Section 4 we use the suggested in [1] perturbative method to
explicitly calculate the dual HFIM in the bulk of the Schrödinger spacetime. In Section 5 we
show how HFIM reduces to QFIM on the boundary of the Schrödinger spacetime. In Section 6
we analyse the divergence structure of HFIM along the holographic direction. In Section 7 we
give a short review of our results. At the end of the paper we present some Appendices with
detailed calculations of the QFIM and HFIM integrals, where novel results for the incomplete
gamma functions have been obtained.
2 Computational setup
In this section we briefly discus the computational techniques used to calculate the Fisher
Information Metric on both sides of the correspondence. We mainly follow the presentation
of [1, 53].
2.1 CFT construction
Let us start by considering an initially udeformed conformal field theory (CFT) with Euclidean
Lagrangian L0 defined for Euclidean time τ ∈ (−∞, 0)2. Next step is to perturb L0 at τ =
0 by some quantum operators Oa, a = 1, . . . , n, to a new theory with L1 for τ > 0, i.e.
L1 = L0 + δλaOa, where δλa are given real coupling constant3. By definition, the Quantum
1For more applications in quantum field theory, string theory and high energy physics see for instance [42,43].
2We will refer to t as the real time and τ = −it as the Wick-rotated time.
3In general, we consider the situation where the original Lagrangian L0 has an explicit dependence on a
number of physical parameters λa, a = 1, . . . , n, thus one can deform the theory by multiple operators with
corresponding real coupling constants λa → λa + δλa. However, later it will be qualitatively informative to
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Information Metric Gab, between the ground state |ψ0〉 in the undeformed CFT and the ground
state |ψ1〉 of the deformed theory, can be obtained by expanding in powers of δλ the quantum
fidelity4 at temporal infinities
F(λa + δλa) ≡ |〈ψ1(τ →∞)|ψ0(τ → −∞)〉| = 1−Gabδλaδλb +O(δλ3). (2.1)
where5
Gab =
1
2
∫
VRd
ddx1
∫
VRd
ddx2
−∫
−∞
dτ1
∞∫

dτ2 (〈Oa(τ1, x1)Ob(τ2, x2)〉 − 〈Oa(τ1, x1)〉〈Ob(τ2, x2)〉). (2.2)
In order to arrive at this result one has to refer to the path-integral formalism. Let |ϕ〉 is a
generic state inserted at τ = 0. The overlap between the original ground state |ψ0〉 at τ → −∞
and this new state at τ → 0 is given by
〈ϕ˜|ψ0〉 = 1√
Z0
∫
Dϕ e
−
0∫
−∞
dτ
∫
ddxL0
, (2.3)
where ϕ˜ = ϕ(τ = 0) and the partition function of the initial undeformed theory is defined by
Z0 =
∫
Dϕ e
−
∞∫
−∞
dτ
∫
ddxL0
. (2.4)
In similar fashion, one can consider the evolution from τ → 0, where |ϕ〉 is inserted, to
τ →∞, where we are placing the perturbed state |ψ1〉,
〈ψ1|ϕ˜〉 = 1√
Z1
∫
Dϕ e−
∞∫
0
dτ
∫
ddxL1
=
1√
Z1
∫
Dϕ e−
∞∫
0
dτ
∫
ddx(L0+δλaOa)
, (2.5)
where
Z1 =
∫
Dϕ e
−
∞∫
−∞
dτ
∫
ddx(L0+δλaOa)
, (2.6)
is the partition function of the deformed theory. Now, the overlap between both states can be
obtained
〈ψ1|ψ0〉 =
∫
Dϕ 〈ψ1|ϕ˜〉〈ϕ˜|ψ0〉 = 1√
Z0Z1
∫
Dϕ e
− ∫ ddx[ 0∫
−∞
dτL0+
∞∫
0
dτ(L0+δλaOa)
]
. (2.7)
In general, this overlap is ill defined, since the Lagrangian governing the Euclidean propa-
gation changes discontinuously at τ = 0, which introduces an UV divergence. For this reason
one should renormalize the theory by replacing for example |ψ1〉 with
|ψ1()〉 = e
−H0|ψ1〉
(〈ψ1|e−2H0|ψ1〉)1/2
, (2.8)
consider only one such deformation.
4 Fidelity is a standard quantum measure, which gives us the degree of change occurring in the system by
turning on the deformations.
5The presence of the cutoff  around τ = 0 is necessary to address any ultraviolet divergences in case there
is a discontinuity when passing from the original to the deformed Lagrangian.
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where H0 is the Euclidean Hamiltonian of the unperturbed theory. We can thus rewrite Eq.
(2.7) more conveniently as
〈ψ1()|ψ0〉 =
〈
exp
(
−
∞∫

dτ
∫
VRd
ddxδλaOa
)〉
〈
exp
(
−
( −∫
−∞
+
∞∫

)
dτ
∫
VRd
ddxδλaOa
)〉1/2 , (2.9)
where the expectation values are taken with respect to to the unperturbed state |ψ0〉. Finally,
expanding the absolute value of Eq. (2.9) in powers of δλa and taking into account the time
reversal symmetry of the correlator, 〈Oa(−τ1)Ob(−τ2)〉 = 〈Oa(τ1)Ob(τ2)〉, one arrives at Eq.
(2.2).
2.2 Bulk holographic construction
Early calculations of the Fisher Information metric on the gravity side with exactly marginal
operators of the deformation have been conducted in [54, 55]. Consequent investigations in [1]
have lead to the development of a perturbative method that allows us to deal with any primary
operator with conformal dimension ∆, provided that
2∆ > d+ 1. (2.10)
The basic idea of the suggested technique is to reinterpret the right hand side of equation
(2.7) as a combination of partition functions, namely
〈ψ1|ψ0〉 = Z2√
Z0Z1
, (2.11)
were Z2 is the partition function for the deformed theory only for τ > 0. With this at hand,
one can consider the large N limit on gravity side, where Zk = e−Ik , k = 0, 1, 2, with Ik being
the on-shell action of the gravity solution dual to the corresponding field theory configuration,
thus
〈ψ1|ψ0〉 = Z2√
Z0Z1
= e
1
2
(I0+I1)−I2 . (2.12)
The deformation of the CFT by a single primary O induces an interaction term δλO with a
coupling δλ in the CFT Lagrangian, thus changing the initial dual bulk gravitational action I0
by Ik = I0 + δIk(δλ) with δI0 = 0. Therefore, one has to compute
〈ψ1|ψ0〉 = Z2√
Z0Z1
= e
1
2
(I0+I1)−I2 = e
1
2
(I0+δI0+I0+δI1)−I0−δI2 = e
1
2
δI1−δI2 . (2.13)
The final computation is reduced to finding the variations δI1 and δI2 of the on-shell gravita-
tional action. The bulk spacetime dynamics is governed by the action
I = − 1
κ2
∫
M
dDx
√
|g|
(
1
2
(R− 2Λ)− 1
2
gµν∂µφ∂νφ− 1
2
m2φ2 + V (φ)
)
+ I∂M, (2.14)
where φ(x) is a massive scalar field probing the background geometry gµν(x). The field φ
attains different profiles for k = 0, 1, 2. In particular, for the computation of Z0 we notice that
the massive field is turned off, thus the dual solution is the initial background geometry with
metric g(0)µν , i.e. Z0 = exp
(
−I0[g(0)µν , φ0]
)
. The scalar field profile for I1 and I2 will depend
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on δλ. Since we are interested in pertubative solutions up to order δλ2 we can insist on the
following transformations of the fields
φ(x) = φ0(x) + ϕ(x)δλ, gµν(x) = g
(0)
µν (x) + hµν(x)δλ
2, (2.15)
where ϕ(x) and hµν(x) are the corrections to the scalar field and the bulk metric acquired
after turning on the deformation in the dual CFT. Notice that the metric receives corrections
at order δλ2 since the scalar field enters quadratically in Einstein field equations. Hence, the
variation of the bulk action δI now can be computed in powers of δλ,
δI = I[φ, gµν ]− I0[φ0, g(0)µν ] = I[φ0(x) + ϕ(x)δλ, g0µν(x) + hµν(x)δλ2]− I0[φ0, g(0)µν ]
= δλ
∫
δI
δφ(x)
∣∣∣∣
δλ=0
ϕ(x) + δλ2
∫
δ2I
δφ(x)δφ(y)
∣∣∣∣
δλ=0
ϕ(x)ϕ(y)
+ δλ2
∫
δI
δgµν(x)
∣∣∣∣
δλ=0
hµν(x) +O(δλ3) ≈ δλ2
∫
δ2I
δφ(x)δφ(y)
∣∣∣∣
δλ=0
ϕ(x)ϕ(y). (2.16)
The first and the last term vanish due to the field equations of motion. Higher order contribu-
tions are not taken into account, due to the fact that we are working in the probe limit and
backreaction on the background geometry is considered negligible. Hence, we are in a situa-
tion where the scalar field probes the unperturbed background. Notice also that the boundary
term of equation (2.14) cancels by the boundary terms coming from the integration by parts
in obtaining the first and the third terms of Eq. (2.16). Therefore, we can write
δIk =
1
2κ2
∫
dd+1x
√
|g| (g(0)µν∂µφk ∂νφk +m2φ2k) = 12κ2
∫
ddx
√
|γ|nµ g(0)µνφk ∂νφk, (2.17)
with nµ being the unit normal vector, γ is the determinant of the induced metric on the bound-
ary, and φk(x) are the scalar field configurations dual to the operators of the corresponding
deformed and undeformed CFTs, while probing the fixed background g(0)µν . Clearly, one can
obtain these profiles by using the boundary-to-bulk propagator, which we show in the following
sections. The final step is to write the overlap as
〈ψ1|ψ0〉 = Z2√
Z0Z1
= exp
(
1
2
δI1 − δI2
)
, (2.18)
which in terms of the Holographic Fisher Information Metric takes the form
Gλλ = − 1
δλ2
(
δI1
2
− δI2
)
. (2.19)
In what follows, we are going to calculate QFIM and HFIM for a holographic system in
Schrödinger spacetime, according to the computational procedures presented in this section.
3 Dual CFT Quantum Fisher Information Metric
Let us explicitly write the d+3 line element of the Schrödinger spacetime metric in the following
form
ds2Schrd+3 = L
2
(
− dt
2
r4
+
2dξdt+ d~x 2
r2
+
dr2
r2
)
. (3.1)
The boundary of the background (3.1) is at r = 0 and the generator associated with translations
along the compact ξ direction can be identified with the mass operator M = i∂ξ. Therefore,
one effectively has a (d+ 1)-dimensional boundary CFT theory.
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The 2-point function between two primary operators from the boundary gauge theory with
conformal dimension ∆ has been computed in [56,57] and is given by
A12 = 〈O(τ2, ~x2)O(τ1, ~x1)〉 = ∆ c∆ θ(τ2 − τ1)
(
1
τ2 − τ1
)∆
exp
(
i
M(1 + iε)
2
(~x2 − ~x1)2
τ2 − τ1
)
, (3.2)
where c∆ is the normalization constant,
c∆ =
i
(
M
2
)∆−1
e−ipi
∆
2
pid/2 Γ
(
∆− d
2
− 1) , (3.3)
and ∆ the conformal dimension
∆ = 1 +
d
2
+
√(
1 +
d
2
)2
+m2 +M2. (3.4)
Here, d is the dimension of ~x space, θ(τ2 − τ1) is the unit step function for an Euclidean time
interval and M is a quantized momentum along the compact direction ξ with radius 1/M . We
will consider the case τ1 ≤ τ2, thus QFIM for a single marginal deformation should be given by
G
(CFT )
λλ =
1
2
∫
dd−1x1
∫
dd−1x2
−∫
−∞
dτ1
∞∫

dτ2 〈O(τ1, x1)O(τ2, x2)〉, (3.5)
where we have also taken into account that 〈O〉 = 0 for an operator of non-zero dimension.
Explicitly, one has
G
(CFT )
λλ = ∆ c∆
∫
ddx1
∫
ddx2
−∫
−∞
dτ1
∞∫

dτ2
e
i
M(1+iε)
2
(~x2−~x1)2
τ2−τ1
(τ2 − τ1)∆ , (3.6)
where  is a time regulator near τ = 0, which is different from the regulator ε in the correlation
function. The integral over ~x space is Gaussian and easily computed by Eq. (A.3)
Ix =
∫
ddx1
∫
ddx2 e
i
M(1+iε)
2
(~x2−~x1)2
τ2−τ1 = e
ipi
2
(1−d/2)(2pi)
d
2M
−d
2 (1 + iε)−
d
2 (τ2 − τ1) d2VRd , (3.7)
where VRd is the volume of Rd space. The integrals over τ1 and τ2 now take the form
It =
−∫
−∞
dτ1
∞∫

dτ2 (τ2 − τ1) d2−∆ = 2
d
2
−∆+4
(d− 2∆ + 2)(d− 2∆ + 4) 
2+ d
2
−∆, (3.8)
which converge for
2∆ > d+ 4, (3.9)
conforming by the range specified in Eq. (2.10). Therefore, the QFIM in the dual to the
Schrödinger spcetime dipole CFT is given by
G
(CFT )
λλ =
∆2d−2∆+3e−
ipi
4
(d+2∆)M∆−
d
2
−1VRd
(d− 2∆ + 4) Γ (∆− d
2
)
(1 + iε)
d
2
2+
d
2
−∆. (3.10)
We can now safely turn off the regulator ε = 0, which is equivalent to switching back to real
time t [56], hence
G
(CFT )
λλ = C
1−a, (3.11)
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where C is a constant normalization factor given by
C =
∆2d−2∆+3e−
ipi
4
(d+2∆)M∆−
d
2
−1VRd
(d− 2∆ + 4) Γ (∆− d
2
) , (3.12)
and we have also defined the parameter
a = ∆− d
2
− 1, (3.13)
to better outline the divergence structure of the QFIM. Due to the convergence condition (3.9),
which is equivalent to a > 1, the parameter  → 0 defines the divergence structure of the
quantum Fisher metric.
In the next section we proceed with the computation of the Holographic Fisher Information
Metric in the dual gravitational theory.
4 Bulk Holographic Fisher Information Metric
Starting with Schrödinger metric one can use the bulk-to-boundary propagator K(r, ~x, τ ; ~x1, τ1)
to compute the HFIM in the bulk. In this case, the propagator is given by
K(r, ~x, τ ; ~x1, τ1) = c∆ θ(τ − τ1) r
∆
(τ − τ1)∆
exp
(
iM
2
r2 + (~x− ~x1)2
τ − τ1
)
, (4.1)
where the normalization constant c∆ has been defined in Eq. (3.3). Integration will be per-
formed over x1 and the Euclidean time τ1 for τ1 ≤ τ . The detailed computation has been
presented in Appendix B. In this case, one can write the solution to φ1 for the deformed theory
such as6
φ1(r, ~x, τ) = δλ
∫
ddx1
τ∫
−∞
dτ1K(r, ~x, τ ; ~x1, τ1) φˆ0(~x1, τ1) = iδλ e
− ipid
2 rd−∆+2,
which is valid if the following convergence conditions for the integrals hold
a > 0, M > 0. (4.2)
The convergence condition a > 0 is weaker than (3.9), however matching HFIM to QFIM,
as shown in Section 5, requires a > 1 in the bulk as well. One also notes that φ1(r, ~x, τ) ≡ φ1(r)
now becomes a function only on the holographic coordinate r, which considerably simplifies the
subsequent computation of the HFIM. The field φ2 for the deformed theory at τ > 0 is given
by
φ2(r, ~x, t) = δλ
∫
ddx1
τ∫
0
dτ1K(r, ~x, τ ; ~x1, τ1) φˆ0(~x1, τ1) =
iδλ e−
ipid
2
Γ(a)
rd−∆+2 Γ
(
a,
µ
t
)
, (4.3)
where in the final step we have restored the real time τ → −it, so that subsequent calculations
with the incomplete gamma functions will attain the correct properties. The convergence
condition for φ2 is a > 0 and we have also introduced the real parameter
µ =
Mr2
2
, (4.4)
6The source function φˆ0(~x1, τ1) = 1, which can be seen from the asymptotic expansion of the Bessel functions,
defining the propagator near the boundary at r = 0, [4].
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which will be our choice for a regulator along the holographic coordinate r in the sections below.
With the profiles of the fields φ1,2 at hand we can now proceed with the computation of the
HFIM integrals according to (2.17), namely
δIk =
1
2κ
lim
r→ε˜
∫
ddx
 −∫
−T
dt
√
|γ|nµ gµνφk ∂νφk +
T∫

dt
√
|γ|nµ gµνφk ∂νφk
, (4.5)
where γ is the metric on the boundary, ε˜ > 0 is the regulator in the holographic direction r near
the boundary r → 0, nµ is the normal outward vector to the boundary,  > 0 is time regulator
around t = 0, and T is a cut-off at temporal infinity. On the boundary only the component nr
is non-zero, thus
√|γ|nrgrr = Ld r−1−d (see Appendix B.2). However, one has to account for
the fact that φ1 and φ2 span different ranges for t, which leads to
δI1 =
LdVRd
2κ
lim
r→ε˜
 −∫
−T
dt r−1−d φ1(r) ∂rφ1(r) +
T∫

dt r−1−d φ1(r) ∂rφ1(r)
 , (4.6)
δI2 =
LdVRd
2κ
lim
r→ε˜
T∫

dt r−1−d φ2(t, r) ∂rφ2(t, r). (4.7)
Now, from Eq. (2.19) the Holographic Fisher Metric reads
Gλλ = − 1
δλ2
(
δI1
2
− δI2
)
=
LdVRd
2κ
lim
r→ε˜
(
c0J0 r
d−2∆+2 + c1J1 + c2J2 rd−2∆+2
)
, (4.8)
with the following integrals
J0 =
−∫
−T
dt+
T∫

dt = 2(T − ), (4.9)
J1 =
T∫

dt t−a e−
µ
t Γ
(
a,
µ
t
)
=
1/∫
1/T
dx xa−2 e−µx Γ(a, µx), (4.10)
J2 =
T∫

dt Γ2
(
a,
µ
t
)
, (4.11)
and coefficients
c0 =
e−ipid
2
(d−∆ + 2), c1 = M
a e−idpi
2a−1 Γ2(a)
, c2 = − 2c0
Γ2(a)
. (4.12)
The non-trivial solutions to these integrals are presented in Appendix B. The final expression
for the HFIM yields
Gλλ =
a0
µa
(T − ) + a1T
2−ae−
µ
T
µ
Γ
(
a− 2, µ
T
)
+
a2
µa−1
Γ2
(
a− 2, µ
T
)
+
a3
µa−1
Γ
(
2a− 4, 2µ
T
)
+
a4
µa−1
Γ
(
2a− 2, 2µ
T
)
+
a5
µa−1
Γ
(
2a− 3, 2µ
T
)
+ a6
T
µa
Γ2
(
a,
µ
T
)
+
a7
µa−1
Γ2
(
a− 1, µ
T
)
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+ b1
2−a
µ
e−
µ
 Γ
(
a− 2, µ

)
+
b2
µa−1
Γ2
(
a− 2, µ

)
+
b3
µa−1
Γ
(
2a− 4, 2µ

)
+
b4
µa−1
Γ
(
2a− 2, 2µ

)
+
b5
µa−1
Γ
(
2a− 3, 2µ

)
+ b6

µa
Γ2
(
a,
µ

)
+
b7
µa−1
Γ2
(
a− 1, µ

)
, (4.13)
This result is equipped with three different divergences near the Schrödinger boundary at
r = 0, namely  → 0, T → ∞ and µ ∼ ε˜2 → 0. In the bulk the parameter µ is finite, except
at µ → ∞, as schematically depicted on Fig. 1. Furthermore, one notes the relation ai = −bi
between the coefficients ai and bi, i = 1, . . . , 7, where
a0 =
LdVRd
2a+1κ
Ma
[
2c0 + c2
(
Γ2 (a)− 2Γ(2a)B1/2(a, a)
)]
,
a1 = −b1 = L
dVRd
2κ
c1(a− 1)(a− 2),
a2 = −b2 = L
dVRd
4κ
c1(a− 1)(a− 2)2,
a3 = −b3 = − L
dVRd
22a−3κ
c1(a− 1)(a− 2),
a4 = −b4 = L
dVRd
23a−1κ
(2ac1 − 2c2Ma) ,
a5 = −b5 = L
dVRd
22a−2κ
c1(a− 1),
a6 = −b6 = L
dVRd
2a+1κ
Mac2,
a7 = −b7 = −L
dVRd
2a+1κ
Mac2(a− 1), (4.14)
and B1/2 (a, a) is the incomplete beta function. We have explicitly kept the coefficients by
different names a’s and b’s to reflect the different asymptotic behavior of the arguments of the
incomplete gamma functions.
µ→∞µ→ 0
(d+3)-dim Bulk
(d+1)-dim
Boundary
CFT
Figure 1: A schematic depiction of the Schrödinger spacetime and its boundaries along the holographic
direction r (µ ∼ r2). We have three important sectors. To the left is the (d+ 1)-dimensional boundary
at r = 0, where the dual CFT lives. The middle region defines the (d + 3)-dimensional bulk of the
considered space, where r 6= 0 is finite, and to the right is the other boundary at r →∞.
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5 Reduction of HFIM to the dual QFIM on the boundary
In order to compare HFIM from Eq. (4.13) to its CFT dual from Eq. (3.11) we have to consider
the divergence structure of HFIM near the boundary at r = 0. In this case, we have effectively
two competing divergences, namely µ → 0 when approaching r = 0 along r, and  → 0 along
t near t = 0. Therefore, we can look at different situations, e.g. one in which µ goes to zero
asymptotically faster than , and the other case, where  goes faster to zero than µ. In both
cases we have two possibilities for the cut-off T , i.e. T →∞ or finite T . Let us rewrite HFIM
from Eq. (4.13) in the form
Gλλ = a0T
a−1
µa
− a0 
a
µa
+ a1
T 2−ae−
µ
T a−1
µ
Γ
(
a− 2, µ
T
)
+ a2
a−1
µa−1
Γ2
(
a− 2, µ
T
)
+ a3
a−1
µa−1
Γ
(
2a− 4, 2µ
T
)
+ a4
a−1
µa−1
Γ
(
2a− 2, 2µ
T
)
+ a5
a−1
µa−1
Γ
(
2a− 3, 2µ
T
)
+ a6
Ta−1
µa
Γ2
(
a,
µ
T
)
+ a7
a−1
µa−1
Γ2
(
a− 1, µ
T
)
+ b1
e−
µ
 
µ
Γ
(
a− 2, µ

)
+ b2
a−1
µa−1
Γ2
(
a− 2, µ

)
+ b3
a−1
µa−1
Γ
(
2a− 4, 2µ

)
+ b4
a−1
µa−1
Γ
(
2a− 2, 2µ

)
+ b5
a−1
µa−1
Γ
(
2a− 3, 2µ

)
+ b6
a
µa
Γ2
(
a,
µ

)
+ b7
a−1
µa−1
Γ2
(
a− 1, µ

)
, (5.1)
where
Gλλ = Gλλ a−1. (5.2)
Our purpose is to compare its divergence structure to the corresponding divergences in dual
CFT QFIM from Eq. (3.11), which we write here again
G
(CFT )
λλ = C
1−a, a > 1, (5.3)
with C given in (3.12). We now show that there exists a certain well defined case at which
HFIM asymptotically matches QFIM on the boundary of the spacetime.
5.1 Dominant 
Let us first consider  approaching zero sufficiently faster than µ ∼ ε˜2. In this case, the dominant
regulator is given by , thus one can use the asymptotic expansion
Γ (a, z) ∼ za−1e−z
∞∑
k=0
Γ(a)
Γ(a− k)z
−k, |z| → ∞, (5.4)
which defines the explicit divergence structure of the bi terms, while for the ai terms we can
use the following asymptotic expansion
Γ (a, z) = Γ(a), z → 0, a > 0. (5.5)
Therefore, Eq. (5.1) acquires the following asymptotic form near r = 0:
Gλλ =
(
a0 + a6Γ
2(a)
) T a−1
µa
− a0
(

µ
)a
+ a1 Γ(a− 2)T
2−a e−
µ
T a−1
µ
11
+
(
a2 Γ
2(a− 2) + a3 Γ(2a− 4) + a4 Γ(2a− 2) + a5 Γ(2a− 3) + a7 Γ2(a− 1)
)( 
µ
)a−1
+ b1e
− 2µ

∞∑
k=0
Γ(a−2)
Γ(a−2−k)
(

µ
)4−a+k
+ b2e
− 2µ

∞∑
k=0
∞∑
p=0
Γ2(a− 2)
Γ(a−2−k) Γ(a−2−p)
(

µ
)5−a+k+p
+ b3e
− 2µ

∞∑
k=0
Γ(2a− 4)
Γ(2a−4−k)2
2a−5−k
(

µ
)4−a+k
+ b4e
− 2µ

∞∑
k=0
Γ(2a− 2)
Γ(2a−2−k)2
2a−3−k
(

µ
)2−a+k
+ b5e
− 2µ

∞∑
k=0
Γ(2a− 3)
Γ(2a−3−k)2
2a−4−k
(

µ
)3−a+k
+ b6e
− 2µ

∞∑
k=0
∞∑
p=0
Γ2(a)
Γ(a−k)Γ(a−p)
(

µ
)2−a+k+p
+ b7e
−2µ

∞∑
k=0
∞∑
p=0
Γ2(a− 1)
Γ(a−1−k)Γ(a−1−p)
(

µ
)3−a+k+p
. (5.6)
Although, we wrote an equal sign in this expression we have to keep in mind that this is an
asymptotic expansion. Obviously the divergence structure of any term depends on the range
spanned by the parameter a. For example, the first term has a divergence structure T a−1µ−a
for T → ∞, µ → 0,  → 0. Therefore, one can take T a−1µ−a = k = const for a > 1, thus it
can be considered regular. This leads to a vanishing term T 2−ae−
µ
T a−1µ−1 → 0. The terms
with aµ−a and a−1µ1−a also vanish for a > 1, because  → 0 is dominant. The other terms
look complicated, but fortunately they all have suppressing weight factors of e−
2µ
 → 0, thus
they all vanish for a > 1. This analysis suggests, than one can recover the divergence structure
of the dual CFT Quantum Fisher Information Metric (5.3) from (5.6) for a > 1, namely
Gλλ =
(
a0 + a6Γ
2(a)
)
k 1−a = K1−a, a > 1, (5.7)
where K = const. Similar result is valid also for finite T ,
Gλλ =
(
a0 + a6Γ
2(a)
)
Tk1 
1−a = K1 1−a, a > 1, (5.8)
where k1 = a−1µ−a = const.
In order to complete the analysis one can further require the normalization constants K
from (5.7) and C from (3.12) to coincide, which can be used to fix k, namely
k = κ
(2a+ d+ 2)Γ(a− 1) e ipi2 (d−a−1)
2a−1Ld(2− 2a+ d) (Γ(a)Γ(a+ 1)− Γ(2a+ 1)B1/2(a, a)) . (5.9)
This gives us a complete match between HFIM and QFIM on the boundary at r = 0.
5.2 Dominant ε˜
When ε˜ approaches zero sufficiently faster than , the dominant regulator is given by µ. In
this case, the second argument of the incomplete gamma function goes to zero, thus we can use
(5.5) for all terms. Hence, one finds
Gλλ =
(
a0 + a6Γ
2(a)
) Ta−1
µa
− a0
(

µ
)a
+ a1Γ(a− 2)T
2−a e−
µ
T a−1
µ
+
(
a2Γ
2(a− 2) + a3Γ(2a− 4) + a4Γ(2a− 2) + a5Γ(2a− 3) + a7Γ2(a− 1)
)( 
µ
)a−1
+
(
b2Γ
2(a− 2) + b3Γ(2a− 4) + b4Γ(2a− 2) + b5Γ(2a− 3) + b7Γ2(a− 1)
)( 
µ
)a−1
12
+ b1Γ(a− 2) 
µ
+ b6Γ
2(a)
(

µ
)a
. (5.10)
Due to the fact that ai = −bi, the terms with a2, b2, a3, b3, a4, b4, a5, b5 and a7, b7 cancel each
other out, leaving us only with
Gλλ =
(
a0 + a6Γ
2(a)
) Ta−1
µa
− (a0 + a6Γ2(a))( 
µ
)a
+ a1Γ(a− 2)T
2−aa−1
µ
− a1Γ(a− 2) 
µ
. (5.11)
If T → ∞ all terms in the metric are divergent for 1 < a ≤ 2, while for a > 2 only the third
term can be considered regular. For finite T all terms remain divergent for a > 1. This suggests
that when µ dominates the divergent structure is impossible to represent HFIM in the form
given by Eq.(5.3), thus one cannot obtain the dual QFIM from the bulk.
5.3 The case  ∼ ε˜
In this special case we have effectively one divergence, namely 0 < η  1. Hence, the asymptotic
behaviour is the same as in the previous case, but with µ ∼ η2 and  ∼ η replaced, thus
Gλλ = 2
a
Ma
(
a0 + a6Γ
2(a)
) T − η
ηa+1
+
2a1
M
Γ(a− 2)
(
T 2−a
η3−a
− 1
η
)
. (5.12)
Taking T → ∞ and η → 0 all terms are divergent for 1 < a ≤ 2. If 2 < a < 3 only the term
T 2−aηa−3 can be fixed to a constant. If a ≥ 3 the third term vanishes. When 1 < a < 3 and T
is considered finite all terms diverge. If a ≥ 3 the third terms is regular or vanishes for finite T .
Therefore, it is impossible to reproduce the divergent structure of the dual CFT metric from
the bulk HFIM.
Let us briefly summarize the results for HFIM near the boundary r = 0. When approaching
asymptotically the boundary, primarily with  → 0, we have been able to fully match the
structure of the dual CFT QFIM by the structure of the bulk HFIM. On the other hand, for
predominant ε˜→ 0, HFIM is intrinsically divergent on the boundary with a structure that does
not coincide with the dual CFT QFIM. Aslo, for the particular case  ∼ ε˜→ 0, the dual QFIM
can not be reproduced by the bulk HFIM.
6 Analysis of the Holographic Fisher Information Metric
In this section we are going to study the full divergence structure of HFIM in the bulk along
the holographic coordinate r. This requires considering HFIM from Eq. (4.13).
6.1 HFIM near the boundary r → 0
In Section 5 we have shown that one can reproduce the divergence structure and even match the
normalization constant of the boundary CFT QFIM from the bulk HFIM at certain conditions.
This was done by explicitly taking out a factor of a−1 and considering the divergence structure
for the rest of the metric. Below we will restore this factor and consider the full HFIM near
the boundary r = 0. Once again, one has several cases.
Dominant . In this case, the bulk Fisher metric (4.13) has the following asymptotic form
Gλλ =
(
a0 + a6 Γ
2(a)
) T
µa
− a0 
µa
+ a1 Γ(a− 2)T
2−ae−
µ
T
µ
13
+
(
a2Γ
2(a− 2) + a3Γ(2a− 4) + a4Γ(2a− 2) + a5Γ(2a− 3) + a7Γ2(a− 1)
) 1
µa−1
+ b1e
− 2µ

∞∑
k=0
Γ(a− 2) 1−a
Γ(a− 2− k)
(

µ
)4−a+k
+ b2e
− 2µ

∞∑
k=0
∞∑
p=0
Γ2(a− 2) 1−a
Γ(a−2−k) Γ(a−2−p)
(

µ
)5−a+k+p
+ b3e
− 2µ

∞∑
k=0
Γ(2a− 4) 22a−5−k
Γ(2a− 4− k) 
1−a
(

µ
)4−a+k
+ b4e
− 2µ

∞∑
k=0
Γ(2a− 2) 22a−3−k
Γ(2a− 2− k) 
1−a
(

µ
)2−a+k
+ b5e
− 2µ

∞∑
k=0
Γ(2a− 3) 22a−4−k
Γ(2a− 3− k) 
1−a
(

µ
)3−a+k
+ b6e
− 2µ

∞∑
k=0
∞∑
p=0
Γ2(a) 1−a
Γ(a− k) Γ(a− p)
(

µ
)2−a+k+p
+ b7e
−2µ

∞∑
k=0
∞∑
p=0
Γ2(a− 1) 1−a
Γ(a− 1− k) Γ(a− 1− p)
(

µ
)3−a+k+p
. (6.1)
By taking out a factor of a−1 one returns to the HFIM from (5.6), which was used to match
the divergence structure of the dual QFIM on the boundary. On the other hand, when T →∞
and → 0 being dominant all the bi terms in (6.1) are suppressed due to the exponential weight
factors. Moreover, the second term with a0 also vanishes, thus HFIM reduces to
Gλλ =
(
a0 + a6 Γ
2(a)
) T
µa
+ a1Γ(a− 2)T
2−a
µ
+
(
a2Γ
2(a− 2) + a3Γ(2a− 4) + a4Γ(2a− 2) + a5Γ(2a− 3) + a7Γ2(a− 1)
) 1
µa−1
. (6.2)
One notes that the first and third terms are intrinsically divergent for a > 1, while the second
term is divergent only for 1 < a ≤ 2. The latter can be regular for a > 2. When T is finite –
all therms are divergent.
Dominant ε˜. When ε˜ goes to zero sufficiently faster than , one finds
Gλλ =
(
a0 + a6Γ
2(a)
) T − 
µa
+ a1Γ(a− 2) T
2−a − 2−a
µ
. (6.3)
Taking T → ∞ all terms diverge for a > 1, except for the term with T 2−a, which is divergent
only for 1 < a ≤ 2 and can be regular for a > 2. When T is considered finite all terms are
divergent for a > 1.
The case  ∼ ε˜. When neither of the regulators dominates one effectively has  = ε˜ = η,
hence
Gλλ =
2a
Ma
(
a0 + a6 Γ
2(a)
) T − η
η2a
+
2a1
M
Γ(a− 2) T
2−a − η2−a
η2
. (6.4)
In the limit T →∞ all term are divergent, except for term with T 2−a, which is divergent only
for 1 < a ≤ 2, and regular for a > 2. For finite T – all terms diverge for a > 1.
6.2 HFIM in the bulk
In the bulk of Schrödinger spacetime the holographic coordinate r is finite and the divergence
structure of the metric is managed by  and T . The following cases are relevant.
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The case µ → const 6= 0, T → ∞. When we consider HFIM in the bulk µ ∼ r2 is finite.
If one takes T →∞ with → 0, Eq. (4.13) becomes
Gλλ =
(
a0 + a6 Γ
2(a)
) T
µa
+ a1Γ(a− 2)T
2−a
µ
+
(
a2Γ
2(a− 2) + a3Γ(2a− 4) + a4Γ(2a− 2) + a5Γ(2a− 3) + a7Γ2(a− 1)
) 1
µa−1
. (6.5)
One notes that the divergence structure of the information metric is governed fully by T . For
1 < a ≤ 2 both terms are divergent, while for a > 2 only the first term is divergent.
The case µ → const 6= 0, T → const. With both µ and T finite the Holographic Fisher
Information Metric is completely regular for a > 1, although it has the same form as in Eq.
(6.2). In other words, the information space now is non-singular.
6.3 HFIM near r →∞
Finally, we are going to consider HFIM on the second boundary at r →∞.
The case µ→∞, T → const. Here, the bulk HFIM (4.13) vanishes trivially. One way to
interpret this result is that one cannot discern between deformed theory with coupling δλ and
the undeformed theory at r → ∞. In other words, the Fisher distance between both theories
in the space of coupling constants is zero.
The case µ → ∞ (dominant), T → ∞. When we are approaching asymptotically the
boundary at r → ∞ with predominant µ → ∞, the Holographic Fisher Information Metric
(4.13) also vanishes trivially.
The case µ→∞, T →∞ (dominant). We have only two relevant terms
Gλλ = (a0 + a6Γ
2 (a))
T
µa
+ a1Γ (a− 2) T
2−a
µ
, (6.6)
which can be considered divergent for 1 < a < 2. When a > 2 she second term vanishes and
we are left only with
Gλλ = (a0 + a6Γ
2 (a))
T
µa
, (6.7)
which is regular if one considers Tµ−a = const.
In summary, we have studied the divergence structure of the HFIM in the bulk of the
entire Schrödinger spacetime, together with its boundaries, along the holographic direction
r. We have shown that depending on how we approach the given sectors, one finds different
divergence structures managed by the relevant regulators ε˜, T or . In many of the considered
cases HFIM is intrinsically divergent. However, we have found two cases, i.e Eq.(??) and
Eq.(6.7), in which the bulk HFIM is regular and finite, thus the information space over the
couplings of the theory is now a well-defined non-singular Riemannian manifold. Finally, we
have encountered two cases at r →∞, where the HFIM is zero, which suggest that we cannot
discern between a deformed theory with coupling δλ and the undeformed one.
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7 Conclusion
In this study we have investigated the properties of the Fisher Information Metric on both
sides of the duality between non-relativistic dipole gauge theory and bulk string theory in
Schrödinger spacetime7. Our work extends the scope of information theory from the original
AdS/CFT correspondence to non-relativistic holography. The setup consists of a marginally
deformed CFT by inserting a primary operator at Euclidean time τ = 0. Holographically,
this corresponds to a massive scalar field probing the Schrödinger background geometry on the
string side, where backreaction on the original spacetime has been considered negligible. This
is reflected by the perturbative technique used to calculate the Holograpic Fisher Information
Metric (HFIM), as shown in [1].
On the gauge side, the Quantum Fisher Information Metric (QFIM) on the space of cou-
pling constants has been computed via the two-point correlation function between relevant
deformation operators at different times τ1 and τ2. The computation has been done in the
ground states of the deformed and the undeformed theories. The final expression (3.11) for
the QFIM is independent of any spacetime coordinates and represents the information content
difference between the originally underformed CFT and the one generated after turning on the
deformation. In this case, the divergence structure of the QFIM consists only of one temporal
regulator  → 0, coming from the fact that the CFT Lagrangian changes discontinuously at
τ = 0, which introduces an UV divergence.
On the string side, we have used the perturbation method suggested in [1], which is valid
in the large N limit of the theory, in order to compute the dual HFIM given in Eq. (4.13).
This metric exhibits a richer divergence structure by introducing not one, but three different
regulators – two temporal → 0 and T →∞, and one spacial regulator ε˜ along the holographic
direction r. As shown on Fig. 1, we can divide the Schrödinger background along the coordinate
r in three sectors. One of them includes the boundary at r = 0, where the dual CFT lives.
The second one is the boundary at r →∞, and the third sector includes the bulk of spacetime.
This naturally introduces several important cases. On one hand, it is natural to compare the
asymptotic divergent structure of HFIM to QFIM near the boundary at r = 0. On the other
hand, HFIM shows further non-trivial properties at finite r and also at r →∞.
When approaching asymptotically the boundary at r = 0, primarily with  → 0, we have
found a full match between the divergence structure (5.7) of HFIM and the dual CFT QFIM,
thus showing that one can fully reconstruct QFIM from the bulk. Furthermore, for predominant
ε˜→ 0, HFIM is intrinsically divergent on the boundary with a structure that does not coincide
with the dual QFIM, which is also true for the particular case of  ∼ ε˜→ 0.
We have further studied the divergence structure of the HFIM in the bulk of the entire
Schrödinger spacetime together with its boundaries. Depending on how we approach different
sectors, we have found specific divergence structures managed by the relevant regulators ε˜, T or
. In many of the analyzed cases HFIM is intrinsically divergent. However, there appeared two
cases, where the bulk HFIM is regular and finite, thus the information space over the coupling
constants of the theory is a non-singular Riemannian manifold. Finally, we have encountered
two cases at r →∞, where HFIM vanishes, thus one cannot discern between a deformed theory
with coupling δλ and the undeformed one.
Although our study covers the computation of the Holographic Fisher Information Metric
and its dual quantum counterpart for non-relativistic holographic models in Schrödinger space-
time, there are still many unexplored research directions. For example, it would be interesting
to consider key information-theoretic aspects of non-relativistic holography in the presence of
black holes, which introduce non-zero temperature in the model. Thus, emergent features and
7In this case, the bulk theory is (d+ 3)-dimentional Schrödinger spacetime and the dual gauge theory lives
on the (d+ 1)-dimentional boundary.
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phase transitions may occur, which could be detected by QFIM and HFIM. Further interesting
direction of investigation is to apply other relevant or irrelevant deformations on the theory
with multiple operators. Examples of such deformations include T T¯ , JT, JT¯ , etc. Another pos-
sibility is to consider models in different non-relativistic holographic solutions such as Lifshitz
spacetimes8 or other similar backgrounds. Finally, it could be interesting to investigate the
relation of Fisher Information Metric to complexity of such models.
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A Computation of the Dual CFT Quantum Fisher Metric
One has to compute the following integral expression
G
(CFT )
λλ =
i∆M∆−12−∆e−
ipi∆
2
pid/2 Γ
(
∆− d
2
− 1)
∫
ddx1
∫
ddx2
−∫
−∞
dτ1
∞∫

dτ2
1
(τ2 − τ1)∆ e
i
M(1+iε)
2
(~x2−~x1)2
τ2−τ1 , (A.1)
which is a Gaussian integral over ~x space, i.e.
Ix =
∫
ddx1
∫
ddx2 e
i
M(1+iε)
2
(~x2−~x1)2
τ2−τ1 = e
ipi
2
(1−d/2)(2pi)
d
2M
−d
2 (1 + iε)−
d
2 (τ2 − τ1) d2VRd , (A.2)
where VRd is the volume of Rd space and we have resorted to the standard Gaussian integral [59]:∫
dδx eiβ~x
2−2i~q·~x = e
ipi
2 (1− δ2)piδ/2β−δ/2e−i
~q2
β . (A.3)
We can check this by setting ξ = M(1+iε)
2(τ2−τ1) , thus
Ix =
∫
ddx1
∫
ddx2 e
iξ(~x2−~x1)2 =
∫
ddx1
∫
ddx2 e
iξ(~x21−2~x1.~x2+~x22)
=
∫
ddx1 e
iξ~x21
∫
ddx2 e
iξ~x22−2iξ~x1.~x2︸ ︷︷ ︸
e
ipi
2 (1− d2)pid/2ξ−d/2e−i
(ξ~x1)
2
ξ
= e
ipi
2 (1− d2)pid/2ξ−d/2
∫
ddx1 e
iξ~x21 e−iξ~x
2
1︸ ︷︷ ︸
VRd
= e
ipi
2 (1− d2)2d/2pid/2M−d/2(1 + iε)−
d
2 (τ2 − τ1)d/2VRd .
The integrals over τ1 and τ2 now take the form
It =
−∫
−∞
dτ1
∞∫

dτ2 (τ2 − τ1)
d
2
−∆ =
2
d
2
−∆+4
(d− 2∆ + 2)(d− 2∆ + 4)
d
2
−∆+2, (A.4)
8Such investigations for holographic entanglement entropy, mutual information and entanglement of purifi-
cation over holographic Lifshitz theory have been already initiated in [58].
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where the integrals are convergent only if
2 +
d
2
−∆ < 0. (A.5)
Therefore, QFIM in the dual CFT to Schrödinger spacetime yields
G
(CFT )
λλ =
∆2d−2∆+3e−
ipi
4
(d+2∆)M∆−
d
2
−1VRd
(d− 2∆ + 4) Γ (∆− d
2
)
(1 + iε)
d
2
2+
d
2
−∆ = C2+
d
2
−∆, (A.6)
where at the final expression we have removed the regulator ε from the correlation function.
B Computation of the Bulk Holographic Fisher Informa-
tion Metric
B.1 Computation of the fields φ1,2
We will be integrating the bulk-to-boundary propagator K(r, ~x, τ ; ~x1, τ1) over x1 and τ1, when
τ1 < τ . Therefore, the field φ1 is given by9
φ1(r, ~x, τ) = δλ
∫
ddx1
τ∫
−∞
dτ1K(r, ~x, τ ; ~x1, τ1) φˆ0(~x1, τ1)
= δλ c∆r
∆
τ∫
−∞
dτ1
1
(τ − τ1)∆
e
i r2M
2(τ−τ1) e
iM~x2
2(τ−τ1)
∫
ddx1 e
iM
2(τ−τ1) (~x
2
1−2~x1.~x)
= δλc∆r
∆
τ∫
−∞
dτ1
1
(τ − τ1)∆
e
i r2M
2(τ−τ1) e
iM~x2
2(τ−τ1) e
−iM~x2
2(τ−τ1) e
ipi
2 (1− d2)pid/2
(
M
2(τ − τ1)
)−d/2
= δλ c∆ r
∆ 2d/2M−d/2 e
ipi
2 (1− d2)pid/2
τ∫
−∞
dτ1 e
i µ
τ−τ1 (τ − τ1) d2−∆,
where we have introduced the notation
µ =
Mr2
2
. (B.1)
Let us calculate the last integral. For this purpose, we change the variables to y = τ − τ1 with
boundaries
y = τ − τ1 =
{
0, τ1 → τ,
∞, τ1 → −∞, (B.2)
hence,
∞∫
0
dy e
iµ
y y
d
2
−∆ = Γ
(
∆− d
2
− 1
)
(−iµ) d2−∆+1, (B.3)
where one has the convergence condition
∆ >
d
2
+ 1, M > 0. (B.4)
9Here φˆ0(~x1, τ1) = 1.
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The field φ1 now becomes
φ1(r, ~x, τ) ≡ φ1(r) = iδλ e− ipid2 rd−∆+2. (B.5)
We can do a similar computation for the filed φ2, namely
φ2(r, ~x, t) = δλ c∆ r
∆ 2d/2M−d/2 e
ipi
2 (1− d2)pid/2
τ∫
0
dτ1 e
− µ˜
τ−τ1 (τ − τ1) d2−∆
= δλ c∆ r
∆ 2d/2M−d/2 e
ipi
2 (1− d2)pid/2
τ∫
0
dy e−
µ˜
y y
d
2
−∆
= δλ c∆ r
∆ 2d/2M−d/2 e
ipi
2 (1− d2)pid/2 µ˜
d
2
−∆+1
∞∫
µ˜/τ
dx e−xxa−1 =
iδλ e−
ipid
2 rd−∆+2
Γ(a)
Γ
(
a,
µ
t
)
,
(B.6)
where at the end we have returned to real time τ → −it, and we have defined the parameter
µ˜ = −iMr
2
2
. (B.7)
B.2 Computation of the HFIM integrals
In order to compute Eqs. (4.6) and (4.7) we have to consider the metric γab, a, b = 0, . . . , d, on
the (d+ 1)-dimensional boundary of the Schrödinger background, namely
ds2(∂Schr)d+1 = −L
2dt
2
r4
+ L2
d~x2
r2
, (B.8)
where ~x is a d-dimensional vector. Therefore, one finds√
|γ| = L
d+1
rd+2
. (B.9)
On the other hand, only the nr component of the normal vector to the boundary contributes,
which can be explicitly calculated from
1 = gµνn
µnν = grrn
rnr =
L2
r2
(nr)2. (B.10)
Hence nr = r/L and consequently nr = grrnr = L/r. Finaly, one has√
|γ|nµgµν =
√
|γ|nrgrr = Ld r−1−d. (B.11)
Now, we can proceed with the computation of the Holographic Fisher Information Metric
(HFIM), which can be written by
Gλλ = − 1
δλ2
(
δI1
2
− δI2
)
=
LdVRd
2κ
lim
r→ε˜
(
c0J0 r
d−2∆+2 + c1J1 + c2J2 rd−2∆+2
)
, (B.12)
where the coefficients ci are given by
c0 =
e−ipid
2
(d−∆ + 2), c1 = M
a e−idpi
2a−1 Γ2(a)
, c2 = − 2c0
Γ2(a)
, (B.13)
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and one has to compute the following integrals
J0 =
−∫
−T
dt +
T∫

dt = 2(T − ), (B.14)
J1 =
T∫

dt t−a e−
µ
t Γ
(
a,
µ
t
)
=
1/∫
1/T
dx xa−2 e−µx Γ(a, µx), (B.15)
J2 =
T∫

dt Γ2
(
a,
µ
t
)
. (B.16)
In order to solve J1 we transform the incomplete gamma function in the following way
Γ(a, µx) = (a− 1)(a− 2) Γ(a− 2, µx) + (a− 1)µa−2 xa−2 e−µx + µa−1 xa−1 e−µx, (B.17)
which follows directly from
Γ(a, z) =
Γ(a)
Γ(a− n) Γ(a− n, z) + z
a−1 e−z
n−1∑
k=0
Γ(a)
Γ(a− k) z
−k (B.18)
for n = 2 and we have also used Γ(a) = (a− 1)Γ(a− 1). Hence, the integral J1 now becomes
J1 = (a− 1)(a− 2)
1/∫
1/T
e−µx xa−2 Γ(a− 2, µx) dx
+ (a− 1)µa−2
1/∫
1/T
x2a−4 e−2µx dx + µa−1
1/∫
1/T
x2a−3 e−2µx dx
=
1
µ
(a− 1)(a− 2)T 2−a e− µT Γ
(
a− 2, µ
T
)
+
1
2µa−1
(a− 1)(a− 2)2 Γ2
(
a− 2, µ
T
)
− 1
µ
(a− 1)(a− 2) 2−a e−µ Γ
(
a− 2, µ

)
− 1
2µa−1
(a− 1)(a− 2)2 Γ2
(
a− 2, µ

)
+
42−a
µa−1
(a− 1)(a− 2) Γ
(
2a− 4, 2µ

)
− 4
2−a
µa−1
(a− 1)(a− 2) Γ
(
2a− 4, 2µ
T
)
+
23−2a
µa−1
(a− 1) Γ
(
2a− 3, 2µ
T
)
− 2
3−2a
µa−1
(a− 1) Γ
(
2a− 3, 2µ

)
+
41−a
µa−1
Γ
(
2a− 2, 2µ
T
)
− 4
1−a
µa−1
Γ
(
2a− 2, 2µ

)
. (B.19)
The integral J2 is more complicated, but also analytically solvable if we use the following
power reduction formula [60]:
Γ2(a, z) = Γ2(a) − 2
1/2∫
0
dω γ
(
2a,
z
ω
)
ωa−1(1− ω)a−1. (B.20)
Let  = T1 and T = T2, hence
J2 =
T2∫
T1
dt Γ2
(
a,
µ
t
)
=
T2∫
T1
dt
Γ2(a) − 2 1/2∫
0
dω γ
(
2a,
µ
ωt
)
ωa−1 (1− ω)a−1

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= (T2 − T1) Γ2(a) − 2
1/2∫
0
dω ωa−1(1− ω)a−1
T2∫
T1
dt γ
(
2a,
µ
ωt
)
= (T2 − T1) Γ2(a) − 2
1/2∫
0
dω ωa−1(1− ω)a−1
 T2∫
T1
dtΓ(2a)−
T2∫
T1
dy Γ
(
2a,
µ
ωt
)
= (T2 − T1)
[
Γ2(a)− 2Γ(2a)B1/2(a, a)
]
+ 2
1/2∫
0
dω ωa−1(1− ω)a−1J (ω).
The inner integral is
J (ω) =
T2∫
T1
dtΓ
(
2a,
µ
ωt
)
= T2 Γ
(
2a,
µ
ωT2
)
− T1 Γ
(
2a,
µ
ωT1
)
+
µ
ω
[
Γ
(
2a− 1, µ
ωT1
)
− Γ
(
2a− 1, µ
ωT2
)]
,
(B.21)
thus
J2 = (T2 − T1)
[
Γ2(a)− 2Γ(2a)B1/2(a, a)
]
+ I1 + I2 + I3 + I4, (B.22)
where
I1 = − 2T1
1/2∫
0
dω ωa−1(1− ω)a−1 Γ
(
2a,
µ
ωT1
)
, (B.23)
I2 = 2T2
1/2∫
0
dω ωa−1(1− ω)a−1 Γ
(
2a,
µ
ωT2
)
, (B.24)
I3 = 2µ
1/2∫
0
dω ωa−2(1− ω)a−1 Γ
(
2a− 1, µ
ωT1
)
, (B.25)
I4 = − 2µ
1/2∫
0
dω ωa−2(1− ω)a−1 Γ
(
2a− 1, µ
ωT2
)
. (B.26)
The solution is the following. Let b1,2 = µ/T1,2, then
I1,2 = ∓2T1,2
1/2∫
0
dω ωa−1(1− ω)a−1 Γ
(
2a,
b1,2
ω
)
= ∓2T1,2
1/2∫
0
dω ωa−1(1− ω)a−1
(
b1,2
ω
)2a
e−
b1,2
ω
∞∫
0
e−
b1,2
ω
z
(1 + z)1−2a
dz
= ∓2T1,2
∞∫
0
dz (1 + z)2a−1 b2a1,2
1/2∫
0
dω
1
ω2
(
1
ω
− 1
)a−1
e−
b1,2
ω
(1+z)
= ∓2T1,2
∞∫
0
dz (1 + z)2a−1 b2a1,2
1/2∫
0
d
(−1
ω
)(
1
ω
− 1
)a−1
e−
b1,2
ω
(1+z)
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={
x =
1
ω
=
{
2, ω = 1/2,
∞, ω = 0
}
=
= ∓2T1,2
∞∫
0
dz (1 + z)2a−1 b2a1,2
∞∫
2
dx (x− 1)a−1 e−b1,2(1+z)x
= ∓2T1,2
∞∫
0
dz (1 + z)a−1 ba1,2 e
−b1,2(1+z) Γ(a, b1,2(1 + z))
= ±T1,2
∞∫
0
dz
d
dz
Γ2(a, b1,2(1 + z)) = ±T1,2 Γ2 (a, b1,2(1 + z))
∣∣∣∣ z→∞
z→0
= ∓T1,2 Γ2 (a, b1,2) .
Therefore, one finds
I1,2 = ∓T1,2 Γ2
(
a,
µ
T1,2
)
. (B.27)
In the previous computations we have used the following integral representation of the incom-
plete gamma function
Γ(a, t) = ta e−t
∞∫
0
e−zt
(1 + z)1−a
dz. (B.28)
With similar calculations for I3,4, one finds
I3,4 = ±2µ
1/2∫
0
dω ωa−2 (1− ω)a−1 Γ
(
2a− 1, b1,2
ω
)
= ±2µ
1/2∫
0
dω ωa−2 (1− ω)a−1
(
b1,2
ω
)2a−1
e−
b1,2
ω
∞∫
0
e−
b1,2
ω
z
(1 + z)2−2a
dz
= ±2µ
∞∫
0
dz (1 + z)2a−2 b2a−11,2
1/2∫
0
dω
1
ω2
(
1
ω
− 1
)a−1
e−
b1,2
ω
(1+z)
= ±2µ
∞∫
0
dz (1 + z)2a−2 b2a−11,2
1/2∫
0
d
(−1
ω
)(
1
ω
− 1
)a−1
e−
b1,2
ω
(1+z)
=
{
x =
1
ω
=
{
2, ω = 1/2,
∞, ω = 0
}
=
= ±2µ
∞∫
0
dz (1 + z)2a−2 b2a−11,2
∞∫
2
dx (x− 1)a−1 e−b1,2(1+z)x
= ±2µ
∞∫
0
dz (1 + z)a−2 ba−11,2 e
−b1,2(1+z) Γ(a, b1,2(1 + z)) .
Now we use
Γ(a, b(z + 1)) = e−b(z+1)ba−1(z + 1)a−1 − 1
2
(a− 1)(z + 1)2−ab1−aeb(z+1) d
dz
Γ2(a− 1, b(z + 1)),
(B.29)
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thus
I3,4 = ∓(a− 1)µ
∞∫
0
dz
d
dz
Γ2(a− 1, b1,2(z + 1)) ± 2µb2a−21,2
∞∫
0
dz (z + 1)2a−3 e−2b1,2(z+1)
= ∓(a− 1)µΓ2(a− 1, b1,2(z + 1))
∣∣∣∣ z→∞
z→0
± 23−2aµΓ(2a− 2, 2b1,2)
= ±(a− 1)µΓ2(a− 1, b1,2) ± 23−2aµΓ(2a− 2, 2b1,2).
Therefore, one has
I3,4 = ±µ
[
(a− 1) Γ2
(
a− 1, µ
T1,2
)
+ 23−2a Γ
(
2a− 2, 2µ
T1,2
)]
. (B.30)
Putting everything together we get the complete expression for J2, namely
J2 = (T − )
(
Γ2(a)− 2Γ(2a)B1/2(a, a)
)
+ T Γ2
(
a,
µ
T
)
− Γ2
(
a,
µ

)
+ µ
(
(a− 1) Γ2
(
a− 1, µ

)
+ 23−2a Γ
(
2a− 2, 2µ

))
− µ
(
(a− 1) Γ2
(
a− 1, µ
T
)
+ 23−2a Γ
(
2a− 2, 2µ
T
))
. (B.31)
The final expression for the holographic Fisher metric yields
Gλλ =
a0
µa
(T − ) + a1T
2−ae−
µ
T
µ
Γ
(
a− 2, µ
T
)
+
a2
µa−1
Γ2
(
a− 2, µ
T
)
+
a3
µa−1
Γ
(
2a− 4, 2µ
T
)
+
a4
µa−1
Γ
(
2a− 2, 2µ
T
)
+
a5
µa−1
Γ
(
2a− 3, 2µ
T
)
+ a6
T
µa
Γ2
(
a,
µ
T
)
+
a7
µa−1
Γ2
(
a− 1, µ
T
)
+ b1
2−a
µ
e−
µ
 Γ
(
a− 2, µ

)
+
b2
µa−1
Γ2
(
a− 2, µ

)
+
b3
µa−1
Γ
(
2a− 4, 2µ

)
+
b4
µa−1
Γ
(
2a− 2, 2µ

)
+
b5
µa−1
Γ
(
2a− 3, 2µ

)
+ b6

µa
Γ2
(
a,
µ

)
+
b7
µa−1
Γ2
(
a− 1, µ

)
, (B.32)
with coefficients ai = −bi, i = 1, . . . , 7, where
a0 =
LdVRd
2a+1κ
Ma
[
2c0 + c2
(
Γ2 (a)− 2Γ(2a)B1/2(a, a)
)]
,
a1 = −b1 = L
dVRd
2κ
c1(a− 1)(a− 2),
a2 = −b2 = L
dVRd
4κ
c1(a− 1)(a− 2)2,
a3 = −b3 = − L
dVRd
22a−3κ
c1(a− 1)(a− 2),
a4 = −b4 = L
dVRd
23a−1κ
(2ac1 − 2c2Ma) ,
a5 = −b5 = L
dVRd
22a−2κ
c1(a− 1),
23
a6 = −b6 = L
dVRd
2a+1κ
Mac2,
a7 = −b7 = −L
dVRd
2a+1κ
Mac2(a− 1), (B.33)
where B is the incomplete beta function.
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